ALGEBRAIC INDEPENDENCE OF ELEMENTS IN IMMEDIATE 
EXTENSIONS OF VALUED FIELDS 
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ANNA BLASZCZOK AND FRANZ- VIKTOR KUHLMANN 



Abstract. Refining a constructive combinatorial method due to MacLanc 
and Schilling, we give several criteria for a valued field that guarantee that 
all of its maximal immediate extensions have infinite transcendence degree. 
If the value group of the field has countable cofinality, then these criteria 
give the same information for the completions of the field. The criteria have 
applications to the classification of valuations on rational function fields. We 
also apply the criteria to the question which extensions of a maximal valued 
field, algebraic or of finite transcendence degree, are again maximal. In the 
case of valued fields of infinite p-degree, we obtain the worst possible examples 
of nonuniqueness of maximal immediate extensions: fields which admit an 
algebraic maximal immediate extension as well as one of infinite transcendence 
degree. 
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1. Introduction 

In this paper, we denote a valued field by (K, v), its value group by vK, and its 
residue field by Kv. When we talk of a valued field extension (L\K, v) we mean 
that (L,v) is a valued field, L\K a field extension, and K is endowed with the 
restriction of v. For the basic facts about valued fields, we refer the reader to 

si ei nana Ei. 

One of the basic problems in valuation theory is the description of the possible 
extensions of a valuation from a valued field (K, v) to a given extension field L. 
The case of an algebraic extension L\K is taken care of by ramification theory. 

Another important case is given when L\K is an algebraic function field. Val- 
uations on algebraic function fields appear naturally in algebraic geometry, real 
algebraic geometry and the model theory of valued fields, to name only a few areas. 
Local uniformization, the local form of resolution of singularities, is essentially a 
property of valued algebraic function fields (cf. [B]). This problem, which is still 
open in positive characteristic, requires a detailed knowledge of all possible valua- 
tions on such function fields. The same is true for corresponding problems in the 
model theory of valued fields. 

By means of ramification theory, the problem of describing all appearing valua- 
tions is reduced to the case of rational function fields. The case of a single variable 
attracted many authors; see the references in [7] for a selection from the exten- 
sive literature on this case. The case of higher transcendence degree was treated 
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in [7]. What at first glance appeared to be problem easily solvable by induction, 
turned out to tightly connected with the intricate question whether the maximal 
immediate extensions of a given valued field have finite or infinite transcendence 
degree. 

An extension (L\K, v) of valued fields is called immediate if the canonical em- 
beddings vK c — S- vL and Kv ^-s> Lv are onto. It was shown by W. Krull [IT] that 
maximal immediate extensions exist for every valued field. The proof uses Zorn's 
Lemma in combination with an upper bound for the cardinality of valued fields with 
prescribed value group and residue field. Krull's deduction of this upper bound is 
hard to read; later, K. A. H. Gravett [4] gave a nice and simple proof. 

A valued field (K, v) is called henselian if it satisfies Hcnsel's Lemma, or equiva- 
lently, if the extension of its valuation v to its algebraic closure, which we will denote 
by K, is unique. A henselization of (K, v) is an extension which is henselian and 
minimal in the sense that it can be embedded over K, as a valued field, in every 
other henselian extension field of (K, v). Therefore, a henselization of (K, v) can be 
found in every henselian extension field, and henselizations are unique up to valua- 
tion preserving isomorphism over K (this is why we will speak of the henselization 
of (K, v). The henselization is an immediate separable-algebraic extension. 

A valued field is called maximal if it does not admit any proper immediate 
extension; clearly, maximal immediate extensions are maximal fields. I. Kaplan- 
sky ([5]) characterized the maximal field as those in which every pseudo Cauchy 
sequence admits a pseudo limit. From this result it follows that power series fields 
are maximal fields. For example, for any field k the Laurent scries field k((t)) with 
the i-adic valuation is a maximal immediate extension of k(t), and it is well known 
that k((t)) is of infinite transcendence degree over k(i). This can be shown by a 
cardinality argument (and some facts about field extensions in case k is not count- 
able). A constructive proof was given by MacLane and Schilling in Section 3 of 
|12j . Our main theorem is a far-reaching generalization of their result. A part of 
this theorem has already been applied in [7j to the problem described above. 

Theorem 1.1. Take a valued field extension (L\K, v) of finite transcendence degree 
> 0, with v nontrivial on L. Assume that one of the following four cases holds: 

valuation-transcendental case : vL/vK is not a torsion group, or Lv\Kv is tran- 
scendental; 

value-algebraic case: vL/vK contains elements of arbitrarily high order, or there 
is a subgroup T C vL containing vK such that T/vK is an infinite torsion group 
and the order of each of its elements is prime to the characteristic exponent of Kv; 

residue- algebraic case: Lv contains elements of arbitrarily high degree over Kv; 

separable-algebraic case: L\K contains a separable-algebraic subextension Lq\K 
such that within some henselization of L, the corresponding extension Lq\K >1 is 
infinite. 

Then each maximal immediate extension of (L, v) has infinite transcendence degree 
over L. If the cofinality of vL is countable (which for instance is the case if vL 
contains an element 7 such that 7 > vK), then already the completion of (L, v) has 
infinite transcendence degree over L. 

Note that the cofinality of vL is equal to the cofinality of vK unless there is 
some 7 in vL which is larger than every element of vK. In that case, because L\K 
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has finite transcendence degree, vL will have countable cofinality, no matter what 
the cofinality of vK is. 

Note further that the condition in the residue-algebraic case always holds when 
Lv\Kv contains an infinite separable- algebraic subextension; this is a consequence 
of the Theorem of the Primitive Element. There is no analogue of this theorem 
in abelian groups; therefore, the first condition in the value-algebraic case does 
not follow from the second. As an example, take q to be a prime different from 
char if i> and consider the case where vL/vK is an infinite product of Z/gZ. Under 
the second condition, however, the result can easily be deduced from the separable- 
algebraic case by passing to a henselization L h of L and using HensePs Lemma to 
show that L h \K admits the required subextension. For the details, see the proof of 
Theorem 1 1.1 1 in Section [3] 

The key assumption in the separable-algebraic case is that the separable- algebraic 
subextension remains infinite when passing to the respective henselizations. We 
show that this condition is crucial. Take a valued field (k, v) which has a tran- 
scendental maximal immediate extension (Af, v). We know that (M, v) is henselian 
(cf. Lemma r2.ip . Take a transcendence basis T of M\k and set K := fc(T). Then 
from Lemma 12.31 it follows that the henselization K h of K inside of (M, v) is an 
infinite separable-algebraic subextension of (M\K,v). But M is a maximal imme- 
diate extension of L := K h and M\L is algebraic. Hence the assertion of Theorem 
11.11 does not necessarily hold without the condition that LqIK 11 is infinite. 

An interesting special case is given when (K, v) is itself a maximal field. In this 
case, it is well known that if (L\K,v) is a finite extension, then (L,v) is itself a 
maximal field. So we ask what happens if (L\K,v) is infinite algebraic or tran- 
scendental of finite transcendence degree. Under which conditions could (L, v) be 
again a maximal field? This question will be addressed in Section [4j where all of 
the following theorems will be proved. 

Theorem 1.2. Take a maximal field (K,v) and an infinite algebraic extension 
(L\K,v). Assume that L\K contains an infinite separable subextension or that 

(1) (vK : pvK)[Kv : Kv p ] < oo , 

where p is the characteristic exponent of Kv. Then every maximal immediate ex- 
tension of (L,v) has infinite transcendence degree over L. 

As an immediate consequence, we obtain: 

Corollary 1.3. Take a maximal field (K,v) of characteristic and an algebraic 
extension (L\K,v). Then (L,v) is maximal if and only if L\K is a finite extension. 

It remains to discuss the case where L\K is an infinite extension, its maximal 
separable subextension K'\K is finite, and condition (JTJ fails. Since then also 
(K',v) is maximal, we can replace K by K' and simply concentrate on the case 
where L\K is purely inseparable. 

Note that if the maximal field K is of characteristic p, then condition ((TJ) implies 
that the p-degree of K is finite, as it is equal to (vK : pvK) [Kv : Kv p ] . If condition 
(|TJ| does not hold, then the purely inseparable extension K X I V \K is infinite; since 
vK^p = ±vK and K x / p v = (Kv) 1 ^, we then have that vK^p/vK is of exponent 
p, every element in K x / p v \ Kv has degree p over Kv, and at least one of the two 
extensions is infinite. Since (K 1 ' p , v) is again maximal (regardless of the p-degree 



4 ANNA BLASZCZOK AND FRANZ- VIKTOR KUHLMANN 

of K, see Lemma f4 . 1 1) . this case shows that the assertion of Theorem 11.11 may fail 
even when vL/vK is an infinite torsion group or Lv\Kv is an infinite algebraic 
extension. In fact, all possible cases can appear for infinite p-degree: 

Theorem 1.4. Take a maximal field (K, v) of characteristic p > for which con- 
dition (J\l fails (which is equivalent to K having infinite p-degree). Take k to be the 
maximum of (vK : pvK) and [Kv : Kv p ], considered as cardinals. Then: 

a) The valued field (K x ' p ,v) is again maximal, although vK x ' p jvK is an infinite 
torsion group or K l ' p v\Kv is an infinite algebraic extension. 

b) For every n G N and every infinite cardinal A < K, there are subextensions 
(L n \K,v) and (L\\K,v) of (K x ' p \K,v) such that (K 1 ' p \L\,v) is an immediate 
algebraic extension of degree A and (K 1 ' p \L n , v) is an immediate algebraic extension 
of degree p n . 

c) There is a purely inseparable extension (L\K,v) with 

• vL = -vK and Lv = Kv if (vK : pvK) = oo, 

• vL = vK and Lv = (Kv) 1 ^ if [Kv : Kv p ] = oo,. 

such that every maximal immediate extension of (L, v) has transcendence degree at 
least k. In both cases, L can also be taken to simultaneously satisfy vL = -vK and 

Lv= {Kv) l ' p . 

If the cofinality of vK is countable, then in b), K l ' p can be replaced by the 
completion of L\ or L n , respectively, and in c), "maximal immediate extension" 
can be replaced by "completion" . 

Case b) of this theorem is a generalization of Nagata's example ([13l Appendix, 
Example (E3.1), pp. 206-207]). Similar to that example, the valued fields in b) arc 
nonmaximal fields admitting an algebraic maximal immediate extension. We note 
that the field L of part c) is not contained in K 1 ^. 

It was shown by Kaplansky that if a valued field satisfies "hypothesis A" , then its 
maximal immediate extensions are unique up to isomorphism ([5] Theorem 5]; see 
also |10j). Kaplansky also gives an example for a valued field for which uniqueness 
fails (0 Section 5]). The question whether uniqueness always fails when hypothesis 
A is violated is open. Different partial answers were given in |10j and in [15j . To 
the best knowledge of the authors, the next theorem presents, for the first time in 
the literature, the worst case of nonuniqueness: 

Theorem 1.5. Take a maximal field (K,v) of characteristic p > satisfying one 
of the following conditions: 

i) vK/pvK is infinite and vK admits a set of representatives of the cosets modulo 
pvK which contains an infinite bounded subset, or 

ii) the residue field extension Kv\{Kv) p is infinite and the value group vK is not 

discrete. 

Then there is an infinite purely inseparable extension (L,v) of(K,v) which admits 

{K l ' p ', v) as an algebraic maximal immediate extension, but also admits a maximal 

immediate extension of infinite transcendence degree. 

Let us mention that the condition of i) always holds when vK/pvK is infinite and 
vK is of finite rank, or T/pT is infinite for some archimedean component T of vK. 
For example, if ¥ p denotes the field with p elements and G is an ordered subgroup 
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of the reals of the form (J) ieN ?"iZ, then the power series field F P ((G)) satisfies the 
condition of i) . If t% , i € N, are algebraically independent over F p , then the power 
series field ¥ P (U \ i € N)((Q)) with residue field ¥ p (ti \ i € N) satisfies the condition 
ofii). 

Finally, let us discuss the case of transcendental extensions (L, v) of a maximal 
field (K, v). In view of the valuation-transcendental case of Theorem ll.il it remains 
to consider the valuation-algebraic case where vL/vK is a torsion group and 
Lv\Kv is algebraic. Here is a partial answer to our above question: 

Theorem 1.6. Take a maximal field (K, v) and a transcendental extension (L, v) 
of (K,v) of finite transcendence degree. Assume that Lv\Kv is separable-algebraic 
and vL/vK is a torsion group such that the characteristic of Kv does not divide 
the orders of its elements. Then Lv\Kv or vL/vK is infinite and every maximal 
immediate extension of (L,v) has infinite transcendence degree over L. 

We do not know an answer in the case where the conditions on the value group and 
residue field extensions fail. 

2. Preliminaries 

By va we denote the value of an element a 6 K , and by av its residue. Given 
any subset S of K 7 we define 

vS = {va | ^ a £ S} and Sv — {av | a G S, va > 0} . 

The valuation ring of (K, v) will be denoted by Ok ■ 

2.1. The fundamental inequality. Every finite extension (L\K, v) of valued fields 
satisfies the fundamental inequality (cf. (17.5) of [2] or Theorem 19 on p. 55 of 

my- 

(2) [L: K] > (vL : vK)[Lv : Kv] . 

The nature of the "missing factor" on the right hand side is determined by the 
Lemma of Ostrowski which says that whenever the extension of v from K to L 
is unique, then 

(3) [L : K] = p v ■ (vL : vK) ■ [Lv : Kv] with v > , 

where p is the characteristic exponent of Lv, that is, p = char Lv if this is 
positive, and p = 1 otherwise. For the proof, see [TJl Theoreme 2, p. 236]) or [T71 
Corollary to Theorem 25, p. 78]). 

The factor d = d(L\K, v) = p v is called the defect of the extension (L\K, v). If 
d= 1, then we call (L\K, v) a defectless extension. Note that (L\K,v) is always 
defectless if char iff = 0. 

We call a henselian field (K, v) a defectless field if equality holds in the fun- 
damental inequality ([2]) for every finite extension L of K . 

Theorem 2.1. Every maximal field is henselian and a defectless field. 

Proof. The henselization of a valued field is an immediate extension. Therefore, 
a maximal field is equal to its henselization and thus henselian. For a proof that 
maximal fields are defectless fields, see [16j Theorem 31.21]. □ 
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2.2. Some facts about henselian fields and henselizations. Let (K, v) be 

any valued field. If a £ K \ K is not purely inseparable over K, we choose some 
extension of v from K to K and define 

ki&s(a,K) := max{w(ra — aa) \ a,r <E Gal(K\K) and ra ^ aa} £ vK 

and call it the Krasner constant of a over K . Since all extensions of v from K to 
K are conjugate, this does not depend on the choice of the particular extension off. 
For the same reason, over a henselian field (K, v) our Krasner constant kras(a, K) 
is equal to 

max{w(a — era) | a £ Gal (K\K) and a ^ aa} . 

Lemma 2.2. Take an extension (K(a)\K, v) of henselian fields, where a is an 
element in the separable-algebraic closure of K with va > 0. Then 

(4) va < kras(a, .ftf) , 

and for every polynomial f — d m X m + . . . + da £ i^[-X"] of degree m < [K(a) : K], 

(5) ^/(a) < vd m + m kras(a, K) . 

Proof. Since (K, v) is henselian, vaa = a and therefore v(a — aa) > va for all a. 
This yields inequality (HJ. 

Take any element b in the separable-algebraic closure of K with \K{b) : K] 
< [K(a) : K\. Then v(a — b) < kras(a,iir) since otherwise, Krasner's Lemma 
would yield that a £ K(b) and [K(b) : K] > [K(a) : K\. If we write f(X) = 
dmUT=i( x ~ b i), then [KQh) : K] < deg(/) < [K{a) : K]. Hence, 

m 

vf(a) = vd m + 2_, v i a ~bi) < vd m + m kras(a, K) . 

i=i 

This proves inequality ([5]). D 

Lemma 2.3. Take a nontrivially valued field (fc(T),v), where T is a nonempty set 
of elements algebraically independent over k. Then the henselization of (fc(7"),f) 
inside of any henselian valued extension field is an infinite extension ofk(T). 

Proof. Set F :— k(T) and take a henselization F h of F inside of some henselian 
valued extension field. Pick an arbitrary t £ T- Without loss of generality we can 
assume that vt > 0. By Hensel's Lemma, F h contains a root #i of the polynomial 
X 2 — X — t such that vd\ > 0. We proceed by induction. Once we have constructed 
•&i with vdi > for some i £ N, we again use Hensel's Lemma to obtain a root 
i?i+i £ F h of the polynomial X 2 - X - #j with vd i+ i > 0. 

It now suffices to show that the extension F($i \i € N)\F is infinite. To this 
end, we consider the £ -1 -adic valuation w on F = k(T\ {£})(£ -1 ) which is trivial 
on k(T \ {t}). We note that wF = Z. Since wt < 0, we obtain that w&i = \wt 
and by induction, wdi = -^wt. Therefore, the 2-divisible hull of Z is contained 
in wF{§i\i £ N). In view of the fundamental inequality ^, this shows that 
F(§i | i £ N)\F cannot be a finite extension. □ 

Lemma 2.4. Assume (L, v) to be henselian and K to be relatively separable- 
algebraically closed in L. Then Kv is relatively separable- algebraically closed in 
Lv. If in addition Lv\Kv is algebraic, then the torsion subgroup of vL/vK is a 
p- group, where p is the characteristic exponent of Kv. 
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Proof. Take £ G Lij separable-algebraic over if v. Choose a monic polynomial 
g(X) G -?^ [A] whose reduction gv(X) G Jfv[A] modulo w is the minimal polynomial 
of £ over if)). Then £ is a simple root of gv. Hence by Hensel's Lemma, there is 
a root a 6 I of j whose residue is £. As all roots of gv are distinct, we can lift 
them all to distinct roots of g. Thus, a is separable-algebraic over K. From the 
assumption of the lemma, it follows that a G K, showing that £ G if v. This proves 
that Kv is relatively separable-algebraically closed in Lv. 

Now assume in addition that Lv\Kv is algebraic. Then Kv is relatively separable- 
algebraically closed in Lv, by what we have proved already. Take a G vL and neN 
not divisible by p such that na G vK . Choose a £ L and b G K such that wa = a 
and i>o = na. Then v{a n /b) = 0. Since Lv\Kv is a purely inseparable extension, 
there exists m G N such that ((a"/o)v) p G Kv. We choose c G K satisfying 
vc = and cv = ((a n /b)v) p , to obtain that (a np /cb p )v = 1. So the reduction 
of the polynomial X n — a np /cb p modulo v is X n — 1. Since n is not divisible 
by p, 1 is a simple root of this polynomial. Hence by Hensel's Lemma, there is 
a simple root d G L of the polynomial X™ — a np jcb p with <fo = 1, whence 
vol = 0. Consequently, a p /d is a simple root of the polynomial X n — cb p and 
thus is separable algebraic over K. Since K was assumed to be relatively separable- 
algebraically closed in L, we find that a p /d G K . As n is not divisible by p, there 
are k,l G Z such that 1 = fcn + Zp m . This yields: 

/ a/" \ 

a = fcria + Zp m a: = knot + l(p m va — vd) = k(na) + lv —— j G vif. 

a 

2.3. Valuation independence. For the easy proof of the following lemma, see [TJ 
chapter VI, §10.3, Theorem 1] . 

Lemma 2.5. Let (L\K, v) be an extension of valued fields. Take elements Xi,yj G 
L, i € /, j G J, such that the values vxi , i G I, are rationally independent over 
vK , and the residues y.jV, j G J, are algebraically independent over Kv. Then the 
elements Xi,yj, i G I , j G J , are algebraically independent over K. 
Moreover, if we write 

f = e ck n x ^ 1 n y?" e k ^ % i % e ^3 g ji 

m suc/i a way t/iat /or every k ^ £ there is some i s.t. fik,i ^ (J-e,i or some j s.t. 
Vkj 7^ vi,j , then 

(6) vf = min vc fc JJ:x^ fc ' 1 £[ j/J M = min wc fc + ^/Xfe,;TOj ■ 

iei jeJ " iei 

That is, the value of the polynomial f is equal to the least of the values of its 
monomials. In particular, this implies: 

vK{xi, y 3 \i e I,j e J) = vK © (J) Zvx t 

iei 
K(xi, yj\i€ I,j G J)v = Kv (yjv \ j € J) . 

Moreover, the valuation v on K(x%,yj i G I,j G J) is uniquely determined by its 
restriction to K, the values vxi and the residues yjV. 



8 ANNA BLASZCZOK AND FRANZ- VIKTOR KUHLMANN 

Conversely, if(K,v) is any valued field and we assign to the vxi any values in an 
ordered group extension of vK which are rationally independent, then (0|) defines 
a valuation on L, and the residues yjV, j £ J, are algebraically independent over 
Kv. 

Corollary 2.6. Let (L\K,v) be an extension of valued fields. Then 

(7) trdegL\K > trdegLv\Kv + rr (vL/vK) . 

If in addition L\K is a function field and if equality holds in (HI), then the extensions 
vL\vK and Lv\Kv are finitely generated. 

Proof. Choose elements X\, . . ■ ,X p ,yi, . . . , y T £ L such that the values vx\, . . . , vx p 
are rationally independent over vK and the residues y%v, . . . , y T v are algebraically 
independent over Kv. Then by the foregoing lemma, p+r < trdeg L\K. This proves 
that trdeg Lv\Kv and the rational rank of vL/vK are finite. Therefore, we may 
choose the elements Xi, yj such that r = trdeg Lv\Kv and p = diniQ Q (g> (vL/vK) 
to obtain inequality 0. 

Set Lq := K(x\, . . . , x p , y%, . . . , y T ) and assume that equality holds in ([7]). This 
means that the extension L\Lq is algebraic. Since L\K is finitely generated, it 
follows that this extension is finite. By the fundamental inequality ©, this yields 
that vL\vLq and Lv\Lqv are finite extensions. Since already vLq\vK and Lqv\Kv 
are finitely generated by the foregoing lemma, it follows that also vL\vK and Lv\Kv 
are finitely generated. □ 



The algebraic analogue to the transcendental case discussed in Lemma 12751 is the 
following lemma (see [17] for a proof): 

Lemma 2.7. Let {L\K, v) be an extension of valued fields. Suppose that 771, . . . , r\k £ 
L such that vrj\, . . . , vrjk G vL belong to distinct cosets modulo vK . Further, assume 
that t?i, . . . i'&i € Ol such that d\v, . . . , fiiv are Kv-linearly independent. Then the 
elements rjifij , 1 < i < k, 1 < j < £, are K -linearly independent, and for every 
choice of elements cy £ K , we have that 



v2_, c ij r li'®j — vain vCijTii'&j = min (vcjj + vrji) 



*,3 

hi 
If the elements rji'dj form a K -basis of L, then 

vL = vK + 7Lvr}i and Lv = Kv(djV | 1 < j < I) . 

l<i<k 

For any element x in a field extension of K and every nonnegative integer n, we 

set 

K[x] n := K + Kx+ ... + Kx n . 
Since dmiK K [x] n < n + 1, we obtain the following corollary from Lemma 12.71 

Corollary 2.8. Take a valued field extension (K(x)\K, v). Then for every n > 0, 

a) the elements of vK[x) n lie in at most n + 1 many distinct cosets modulo vK, 

b) the Kv-vector space K[x\ n v is of dimension at most n + 1. 
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2.4. Immediate extensions. We will assume some familiarity with the basic 
properties of pseudo Cauchy sequences; we refer the reader to Kaplansky's pa- 
per "Maximal fields with valuations" ([5]). In particular, we will use the following 
two main theorems: 

Theorem 2.9. (Theorem 2 of [5]) 

For every pseudo Cauchy sequence {a v )u<\ in (K,v) of transcendental type there 
exists an immediate transcendental extension (K(x), v) such that x is a pseudo limit 
of (&i;)iy<A ■ If {K{y)i v ) * s another valued extension field of (K, v) such that y is a 
pseudo limit of {a u ) v< \ , then y is also transcendental over K and the isomorphism 
between K(x) and K(y) over K sending x to y is valuation preserving. 

Theorem 2.10. (Theorem 3 of [5]) 

Take a pseudo Cauchy sequence {a v ) u <\ in {K, v) of algebraic type. Choose a 
polynomial f(X) £ K[X] of minimal degree whose value is not fixed by {a v ) u< \ , 
and a root z of f. Then there exists an extension of v from K to K{z) such that 
(K(z)\K, v) is an immediate extension and z is a pseudo limit of {a u ) lJ< \ . 

If (K(z'), v) is another valued extension field of (K, v) such that z' is also a root 
of f and a pseudo limit of {<x v ) v< \ , then the field isomorphism between K(a) and 
K(b) over K sending a to b will preserve the valuation. 

We will need a few more results that are not in Kaplansky's paper. 

Lemma 2.11. Take an algebraic algebraic field extension (K{a)\K, v), where a is a 
pseudo limit of a pseudo Cauchy sequence (a u ) u <\ in (K,v) without a pseudo limit 
in K . Then {a ll ) v< \ does not fix the value of the minimal polynomial of a over K. 

Proof. We denote the minimal polynomial of a over K by f(X) — Yii=x(X — °~i a ) 
with a, £ Gal (K\K). Since a is a pseudo limit of {a u ) v< \, the values v{a u — a) are 
ultimately increasing. If via — Cjo) > v(a v — a) for all v < A, then also the values 
v{a v — o~ia) = ram{v(a v — a), v(a — o~ia)} = v(a u — a) are ultimately increasing. If 
on the other hand, v(a — (fid) < v{a vo ~a) for some v Q < A, then for v < v < A, the 
value viflv — o~ia) = min{x;(ai / — a), v(a — o~ia)} = v(a — o~ta) is fixed. We conclude 
that the values vf(a v ) = y^_ 1 v{a v — o~ia) are ultimately increasing. □ 

Lemma 2.12. Take a hens elian field (K,v) of positive characteristic p and a pseudo 
Cauchy sequence (a^) l/< \ in (K,v) without a pseudo limit in K. If (K(a)\K,v) is 
a valued field extension of degree p such that a is a pseudo limit of {a u ) v< \ , then 
(K(a)\K, v) is immediate. 

Proof. By the previous lemma, (a„)„<A does not fix the value of the minimal poly- 
nomial / of a over K . On the other hand, we will show that {a v ) v <\ fixes the 
value of every polynomial of degree less than deg / — p. We take g £ K[X] to be a 
polynomial of smallest degree such that (a l/ ) v< x does not fix the value of g. Since 
(&v)v<\ admits no pseudo limit in (K,v), the polynomial g is of degree at least 2. 
Take a root b of g. By Theorem l2.101 there is an extension of the valuation v from 
K to K (b) such that (K(b)\K,v) is immediate. Since [K{b) : K] > 2 and (K,v) is 
henselian, the Lemma of Ostrowski implies that [K{b) : K] > p. This shows that 
/ is a polynomial of smallest degree whose value is not fixed by (a v ) v< \. Hence 
again by Theorem 12.101 there is an extension of the valuation v from K to K{a) 
such that [K[a)\K, v) is immediate. Since (K,v) is henselian, this extension coin- 
cides with the given valuation on K(a) and we have thus proved that the extension 
(K(a)\K, v) is immediate. □ 
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The following result is Proposition 4.3 of [8]: 

Proposition 2.13. Take a valued field (F,v) of positive characteristic p. Assume 
that F admits an immediate purely inseparable extension F{rj) of degree p such 
that the element r\ does not lie in the completion of (F,v). Then for each element 
b E F x such that 

(8) (p — l)vb + vq > pv(j] — c) 

holds for every c £ F , any root $ of the polynomial 

x*-x-(^ P 



.b, 

generates an immediate Galois extension (i ? (^)|_F 1 , v) of degree p with a unique 
extension of the valuation v from F to F($). 

2.5. Characteristic blind Taylor expansion. We need a Taylor expansion that 
works in all characteristics. For polynomials / € -K"[.X]) we define the z-th formal 
derivative of / as 

(9) MX) :=±( J )c 3 X^ = , f:P + i % + ^ - 

j=i ^ ' 3=0 ^ ' 

Then regardless of the characteristic of K, we have the Taylor expansion of / at 

c in the following form: 



(io) f(x) = J2Mc)(x 



cy . 

3. Algebraic independence of elements in maximal immediate 

extensions 

This section is devoted to the proof of Theorem 11.11 Our first goal is a basic 
independence lemma. 

Take j eff, any field K and a polynomial / € K[X\, . . . , Xi]. With respect to 
the lexicographic order on Z% let (pi, . . . , fii) be maximal with the property that 
the coefficient of X^ 1 ■ ■ ■ X^ in / is nonzero. Then define c/ to be this coefficient 
and call (pi, . . . , /ii) the crucial exponent of /. 

For our basic independence lemma, we consider the following situation. We 
choose a function 

43:NxN — > N 
such that 

ip(k,t) >max{fc,£} and ip(k + 1,£) Xp(k,£) forallfc,^GN, 

and for each i £ N a strictly increasing sequence (Ei(k))keN of integers > 2 such 
that for all k > 1 and i > 2, 

E x (k + 1) > ip(k,Ei(k))+l, 
[ } Ei(k + 1) > Ei-i&faEiikV + l) 

Then for i,k £ N, 

(12) Ei(k) > k and E^k + l) > cp(k,Ei(k)) + 1 > Ei(k) + 1 

Further, we take an extension (L\K,v) of valued fields, elements 

Oj G L and ctj £ vL for all j £ N, 
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and if-subspaces 

Sj C L , j e N . 
We assume that for all i,k,£ G N, the following conditions are satisfied: 
(Al) < va fc < a fc < va k +i and ka Ei(k ) < a v ( k ,Ei(k)) , 
(A2) ox, . . . , etfe G Sfe and 5 fc C S fe+1 , 
(A3) if do, ■ ■ . , dk G SV- and u € Si, then 

do + diu + . . . + dfeu fe G ^(M) > 
(A4) if 777, < k and do, • • • , d m G S^ , then 

v(d a + diafc+i + . . . + d m a' k n +1 ) < vd m + ma k+1 . 

Now we choose any maximal immediate extension (M, v) of (L,v). For each i, 
we take an arbitrary pseudo limit yi G M of the pseudo Cauchy sequence 

In this situation, we can prove the following basic independence lemma: 

Lemma 3.1. Suppose that k > 2 is an integer and f G L\X\, . . . ,Xi] is a polyno- 
mial with coefficients in Sk-i H Ol such that ctEi(k) ^ v Cf an d that f has degree 
less than k in each variable. Then 

(13) vf(yi,...,yi) < va Ei (k+i) ■ 

Proof. We shall prove the lemma by induction on i. We start with i = 1 and set 

k 
u := y^^BiU) and z := yi~ u - 

Then u G S r E 1 (fc) because of (A2) and the fact that the 5/. are vector spaces. By 

(Al), the definition of -Ei and our assumption that CKEi(fc) — vc / > 

(14) 

vz = va El{k +i) > va v (k iEl (k))+i > a v (k,E t (k)) > ka El (k) > vcf + (k- l)a El (k) ■ 

We use the Taylor expansion 

(15) f(yi) = f(u + z) = f(u) + zh{u) + z 2 f 2 (u) + ... 

where fj(X) G 0t[-X*] is the j-th formal derivative of / as defined in ((9]). We have 
that fj(u) G Ol for all j. Hence, 

(16) v(zh(u) + z 2 f 2 {u) + ...)> vz. 

We wish to prove that vf(u) < vz. We set 

fe-i 
u' := 22a El{]] G S El (k-l) 

i=i 
so that u = v! + flgj (fc) . We use the Taylor expansion 

f(u) = f{u +a El(k )) = f(u') + fi{u')a El{k ) +...+ .fmW)a Ei(k) 

where m = deg f < k. By definition, c/ is the leading coefficient of /, which in turn 
is equal to the constant f m (u') = f m (X) G L. Since / has coefficients in the vector 
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space Sk-i , we know from (j9]) that also all fj have coefficients in Sk-i ■ Thus, (A3) 
and (A2) show that 

/("')> fj( u ') € S v ( k _ lfEl (k-i)) Q S El (k)-i 

for each j. Further, m < k — 1 < E x (k) — 1. Hence by (A4) and (fT4|) . 

w/(w) < vf m (u')+ma El{k) < vc f + (k-l)a El (k) < vz ■ 

From this together with flT"5j) and (fTB)) , we deduce that 

vf(Vi) = u /( w ) < wz i 
which gives the assertion of our lemma for the case of i = 1 . 

In the case of i > 1 we assume that the assertion of our lemma has been proven 
for i — 1 in place of i, and we set 

fe fe-i 

u := X! a£; -0') G S E,(k) , u' := ^2a EAj) G S , B . (fe _i) , and z := y t - u . 

3=1 3=1 

Then by (I12p . (Al) and our assumption that (X E Jk) > uc/ , 

vz = ua £i(fc+1) > -ua v ( fc!£ . (fc))+1 > a^E^k)) > ka Ei (k) > vcf + (k- l)a Ei {k) ■ 

We use the Taylor expansion 

f(yi,---,yi-i,u + z) = f{yi,...,yi-i,u) + zfi(yi,...,yi-i,u) 

+ z 2 f 2 (yi,...,y l -i,u) + ... 

where fj G Ol[X\, . . . ,Xi] is the j-th formal derivative of / with respect to Xi . 
We obtain the analogue of inequality (|16l) ; hence it will suffice to prove that 

(17) vf(y 1 ,...,y l - 1 ,u) < vz . 

We set 

g(Xi, . . . , Xi-i) := f(Xi,...,Xi-i,u) 
so that g{yii ■ . . , J/i-i) = f(y\,...,yi-i,u). Viewing / as a polynomial in the 
variables X\, . . . , X$_i with coefficients in L[Xi\, we denote by h(Xi) the coefficient 
of X^ 1 ■ ■ ■ X^ 1 in /. Note that h has coefficients in Sk-i, its leading coefficient is 
Cf and its degree is fii < k. Again, since h has coefficients in Sk-i , © shows that 
the same is true for the j-th formal derivative hj of h, for all j. Thus, (A3), ([12")) 
and (A2) imply that 

h(u), hj(u) G S v (k-l,Ei(k-l)) £ SE t (k)-l 

for each j. As in the first part of our proof we find that 

vh(u) < vh Mi (u') + maE^k) = vc f + Vt a Ei(k) 

since /i Mi (u') = c/ . In particular, this shows that /i(u) ^ 0. Hence if (/j,i, . . . , /x,) is 
the crucial exponent of /, then (/ii, . . . , /ii_i) is the crucial exponent of g, and 

c g = h(u) . 

We set 

fc' := (p{k,Ei{k)) > max{k,Ei(k)} . 
Since /j* < k — 1 and uc/ < ct E .i k \ by assumption, and by virtue of (Al) and (|12p . 
it follows that 

vc g = w/i(u) < uc/ + (A; - l)a Ei (k) < k( *E z (k) < a k > < a Ei _ x (k>) ■ 
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Since every coefficient of g is of the form h(u) with h a polynomial of degree less 
than k and coefficients in S k -i , we know from (A3), our conditions on ip and (A2) 
that the coefficients of g lie in 

Stp(k-l,Ei(k)) Q S v (k,Ei(k))-l = Sfc'-l • 

Also, its degree in each variable is less than k, hence less than k'. Therefore, we 
can apply the induction hypothesis to the case of i — 1, with k' in place of k. We 
obtain, by (Al) and our choice of the numbers Ei{k): 

vf(yi,---,yi-i,u) < va Ei _ x (<p{k,Ei{k))+i) < va E ^ k +i) = vz . 
This establishes our lemma. D 



By (A2), 



Soo '■— {J Sk 



contains a k for all k. We set 

Koo := KiSoo) . 

Further, we note that condition (Al) implies that 

r := {a £ vKoc | — vak < a < va k for some fc} 

is a convex subgroup of vK ^ . 

Corollary 3.2. Assume that every element of K^ with value in T can be written 
as a quotient r/s with r, s £ S^ such that < vs 6 T. Then the elements yi , 
i £ N, are algebraically independent over K^ . 

Proof. We have to check that g(yi, ■ ■ ■ , j/i) =/= for all i and all nonzero polynomi- 
als g{X\, . . . , Xi) G Koo[Xi, . . . , Xi\. After division by some coefficient of g with 
minimal value we may assume that g has integral coefficients in AT^ and at least 
one of them has value £ T. We write all its coefficients which have value in T in 
the form as given in our assumption. We take s to be the product of all appearing 
denominators. Then vs £ I\ After multiplication with s, all coefficients of g with 
value in Y are elements of 5*00 , and there is at least one such coefficient. Now we 
write g(X\, . . . , Xi) — f(X%, . . . , Xi) + h(X\, . . . , Xi) where every coefficient of / 
is in 5*00 and has value less than vak for some k, and every coefficient of h has 
value bigger than vak for all k (we allow h to be the zero polynomial). Since g has 
coefficients of value vs, the polynomial / is nonzero. Since vyi > for all i, we 
have that vh(yi, . . . , yi) is bigger than va k for all fc. 

We choose fc such that the assumptions of Lemma 13.11 hold; note that fc exists 
since by our definition of /, the coefficient c/ has value less than va k for some fc. 
We obtain that 

vf(yi,...,yi) < va Ei(k+l) < vh(yi,...,yi) . 

This gives that 

vg(yi,.-.,yi) = v(f(y!, . . . ,y t ) + h(y 1 , . . . ,y,)) = vf(yi,...,yi) < va E . (k+1) < oo , 

that is, g(yi,...,yi) ^ 0. □ 
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Now we are able to give the 
Proof of Theorem ll.lt 

In all cases of the proof, we will choose functions ip that have the previously required 
properties. We will choose a suitable sequence (b k ) ke jq of elements in L and a 
sequence (ck)keN in K. Then we will set a^ := Ckbk and choose some values 
a k > vak . 

First, let us consider the valuation-transcendental case . We set 

tp(k,£) := k + k£, 

and note that equations (fTTj) now read as follows: 

E x (k + 1) > k + kEi(k) + l, 
Ei(k + 1) > E^ x {k + kE % {k) + I) . 

Further, we will work with a suitable element t G Ol transcendental over K and 
set, after a suitable choice of the sequence (ck)keN j 



ak 


= c k t K , 


a k 


= va k , 


s k 


= K + Kt 



.. + Kt K . 

Conditions (A2) and (A3) are immediate consequences of our choice of Sf. as the 
set of all polynomials in K[t] of degree at most k. 

Suppose that vL/vK is not a torsion group. Then we pick t G Ol such that vt is 
rationally independent over vK (that is, nvt ^ vK for all integers n > 0). Further, 
for all k we set b k — t k and c k = 1 so that a k = t k . Then condition (Al) is satisfied 
since we have that 

< va k — a k — vt k = kvt < (k + l)vt = vt k+l = va k+1 

and 

koiEi{k) = kva Ei{k) = kvt E ^ k) = kEi(k)vt < (k + kEi(k))vt = a ¥ , (fciBi(fc)) . 

Suppose now that vL/vK is a torsion group. In this case, Kv\Lv is transcen- 
dental by assumption, and we note that since v is assumed nontrivial on L, it must 
be nontrivial on K. We pick t G Ol such that vt — and tv is transcendental over 
Kv. Further, we choose a sequence (cfc)fegN in Ok such that 

vc k+1 > kvc k 

for all k. Since va k — vc k + kvt — vc k , we obtain that va k = a k < va k+ i and 

(18) ka k = kva k < va k+x . 
Then by JI2J|, 

(19) ka Et ( k ) < £' l (fc)a_ Ei ( fe ) < va E ,(k)+i < va v {k tEi {k)) < a v (k,Ei(k)) ■ 

Hence again, condition (Al) is satisfied. 

Now we have to verify (A4), simultaneously for all of the above choices for ak ■ 
Take do, ■ ■ • , d m G S k , m < k, and write dj — J2v=o djut" with dj V G K. Then 

m k 

d + d iak+1 + ...+ d m aT +1 =J2J2 4+id 3 J Kk+1)+u ■ 

j=0 r/=0 
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Iii this sum, each power of t appears only once. So we have, by Lemma |2.5[ 
v(d Q + d iak+1 + ... + d m a% +l ) = mmvc? k+1 d iv t^ k+V)+v := /3 . 

If this minimum is obtained at j = j and v — vq , then 

13 = v4> +1 d JoU( r {k+1)+ "° = unnvc i l ? +1 d J0 ^ k+1 ^ 
= (iamvd jo „t u ) + va£ +1 = vd jo af +1 , 
where the last equality again holds by Lemma 12.51 For all j , 

(3 < mmvc^.^j^t^ + ' +u = (lavavdjyt 1 ') -\- va 3 k+l — vdja k+1 . 

This gives that 

v(d +dia k+ i + . . .+d m a T k n +1 ) = f3 = min vdjd k+1 < vd m +mva k+ i = vd m +ma k +i , 



as required. Finally, we have to verify the assumption of Corollary 13.21 Each 
element in K^ can be written as a quotient r/s of polynomials in t with coefficients 
in K. After multiplying both r and s with a suitable element from K we may assume 
that s has coefficients in Ok and one of them is 1. If this is the coefficient of t l , 
say, then it follows by Lemma [2751 that < vs < vt 1 < vai and thus, vs G T. 

Now we take any maximal immediate extension (M, v) and yi as defined pro- 
ceeding to Lemma 13.11 Then we can infer from Corollary 13.21 that the elements 
yi are algebraically independent over K^ ; that is, the transcendence degree of M 
over Krx, is infinite. Since the transcendence degree of L over K and thus also that 
of L over K^ is finite, we can conclude that the transcendence degree of M over L 
is infinite. 

Next, we consider the value-algebraic case and the residue- algebraic case. We 
will assume for now that there is an algebraic subextension Lq\K of L\K such that 
vLq/vK contains elements of arbitrarily high order, or Lqv contains elements of 
arbitrarily high degree over Kv. The remaining cases will be treated at the end of 
the proof of our theorem. 

For the present case as well as the separable-algebraic case, we work with any 
function ip that satisfies the conditions outlined in the beginning of this section, 
and with 

Sk ■= K(ai, . . . , ofc) . 

Then 5^ is a field and the assumption of Corollary [XH are trivially satisfied (taking 
s = 1). Further, condition (A2) is trivially satisfied. To prove that condition (A3) 
holds, take any u G Si = K(a%, . . . , ai) . If n = max{fc, £}, then do, . . . ,d k ,u G 
K(ai, . . . , a n ) = S n and therefore, 

d + diu + .. . + d k u k G S„ C S^ k ,e) ■ 

This shows that (A3) holds. 

By induction, we define a k G Lq as follows, and we always take a k — va k . 
We start with a± = 1 and a\ = 0. Suppose that ai,...,a k are already de- 
fined. Since K{a\, . . . ,a k )\K is a finite extension, also vK(a\, . . . ,a k )/vK and 
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K(ai, . . . , ak)v\Kv are finite. Hence by our assumption in the algebraic case, there 
is some bk+i £ Lq such that 

(20) 0, vbk+i, 2w6fc+i, . . . , kvbk+i lie in distinct cosets modulo vK(a\, . . . , a&), or 

(21) l,bk+iv, (bk+iv) 2 , . . . , (bk+iv) k are K(a\, ■ ■ ■ , afc)v-linearly independent. 

If LqV contains elements of arbitrarily high degree over Kv , we always choose bk+i 
such that (|2Tj) holds; in this case, vbk+i = and we choose the elements Ck as 
in the residue-transcendental case above. Otherwise, vLq/vK contains elements of 
arbitrarily high order, and we always choose bk+i such that (|20|) holds. In this case, 
we choose Ck+i such that for ak+i := Ck+\bk+i wc obtain kctk = kvak < va k+ i ; 
this is possible since the values of bk and hence of all ak lie in the convex hull of 
vK in vL. As in the residue-transcendental case above, we obtain (fT8|) and (fl"9|) . 
showing that condition (Al) is satisfied. 

To prove that (A4) holds, take any k > 1 and do, • • • , dk € Sk = i^(ai, ■ ■ ■ , o.fc)- 
By Lemma 12 . 71 applied to &fc+i , 

w(d + rfia fc+ i + . .. + d k a k k+l ) = v(d Q + dic k+ ib k+ i + . . . + d k c k k+l b k k+1 ) 

= mmvdiC k+1 b l k , 1 = minwdjali j . 

i z 

This shows that (A4) holds. 

As in the valuation-transcendental case, we can now deduce our assertion about 
the transcendence degree. 

Next, we consider the separable-algebraic case. In this case, we can w.l.o.g. 
assume that {K, v) is henselian. Indeed, each maximal immediate extension of 
(L, v) contains a henselization L h of (L,v) and hence also a henselization K h of 
(K, v), and our assumption on Lq implies that the subfield Lq.K h of L h is an infinite 
separable-algebraic extension of K . (Here, L$.K h denotes the field compositum, 
i.e., the smallest subfield of L h which contains Lq and K h .) 

We take Sk and <p(k,£) as in the previous case, so that again, (A2), (A3) and 
the assumption of Corollary 13.21 hold. Then we take a\ — b\ to be any element 
in Ol \ K and choose some a± £ vK such that ol\ > kias(a\,K) £ vK; this is 
possible since vK is cofinal in its divisible hull, which is equal to vK. Inequality 
Q of Lemma 12.21 shows that kras(ai,_R') > va\ , so that a\ > va\ . Suppose we 
have chosen a\, . . . ,a>k £ Ol ■ Since Lq\K is infinite and separable-algebraic, the 
same is true for L \K(ai, . . . , a*). By the Theorem of the Primitive Element, we 
can therefore find an element bk+\ £ L such that 

[K(a\, . . . , a k , bk+i) ■ K(ai, . . . , a k )} > k + 1 . 

We choose Ck+\ £ K such that for ak+i '■= Ck+\bk+i we have that kak < vak+i ■ 
Finally, we choose ak+i £ vK such that 

oik+i > kras(afe + i,ir) >va k+ i- 

Again, we obtain that (|19l) and (Al) hold. 

It only remains to show that (A4) holds. But this follows readily from inequality 
([5| of Lemma l2.2| where we take K{a\ 1 . . . , ak) in place of A" and a — Ofe+i, together 
with the fact that kras(afc + i, K{a\ . . . , a&)) < kras(afe+i, K). 

As before, we now obtain our assertion about the transcendence degree. 
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It remains to prove the value-algebraic case and the residue- algebraic case for 
transcendental valued field extensions (L\K, v) of finite transcendence degree. We 
assume that vL/vK is a torsion group containing elements of arbitrarily high order 
or the extension Lv\Kv is algebraic and such that Lv contains elements of arbitrarily 
high degree over Kv. 

Take any subextension E\K of L\K. Then (L\K,v) satisfies the above assump- 
tion if and only if at least one of the extensions (L\E, v) and (E\K, v) satisfies the 
assumption. Choose a transcendence basis (xi, . . . ,x n ) of L\K and set 

F := K(xi,...,x n ) . 

Then L\F is algebraic. By what we have already proved, if vL/vF contains elements 
of arbitrarily high order or Lv contains elements of arbitrarily high degree over Fv, 
then any maximal immediate extension of (L, v) has infinite transcendence degree 
over L. 

Suppose now that (F\K, v) satisfies the assumption on the value group or the 
residue field extension. Take seN minimal such that vK{x\, . . . , x s )/vK contains 
elements of arbitrarily high order or K(x\, . . . ,x s )v contains elements of arbitrarily 
high degree over Kv. Then the assertion holds also for the value group or the 
residue field extension of (K(x\, . . . ,x a )\K(xi, . . . ,a; s _i),u). We can replace K 
by K(xi, . . . ,x s —i) and we will write x in place of x s so that now we have a 
subextension (K(x)\K, v) that satisfies the assertion for its value group or its residue 
field extension. 

In both the value- algebraic and the residue-algebraic case we define bk G K[x\ 
by induction on k and set 

Sk ■= K[x] Nk with N k :— degb k . 

Assume that vK(x) contains elements of arbitrarily high order modulo vK. Then 
such elements can be already chosen from uifja;]. We set 61 = I. Suppose that 
bi,...,bk are already chosen with deg&i_i < deg&i for 1 < i < k. From Corol- 
lary 12.81 we know that vSk contains only finitely many values that represent dis- 
tinct cosets modulo vK. Since all of these values are torsion modulo vK, the 
subgroup (vSk) of vK(x) generated by vSk satisfies ({vSk) '■ vK) < 00. By as- 
sumption, there is bk+i G K[x\ for which the order of vbk+i modulo vK is at least 
(k + l)((vSk) : vK); this forces 0, vbk+i,2vbk+i, ■ • ■ , kvbk+i to lie in distinct cosets 
modulo (vSk)- Since bk+i 4- K[ x ]N k , we have that A^+i = deg&fc+i > Nk ■ 

Assume now that K(x)v contains elements of arbitrarily high degree over Kv. 
Without loss of generality we can assume that vK(x)/vK is then a torsion group 
with a finite exponent N . Otherwise, vL/vK is not a torsion group and we are 
in the valuation-transcendental case or vK(x)/vK contains elements of arbitrarily 
high order and we are in the value-algebraic case. 

The elements of arbitrarily high degree over Kv can be chosen from iT[a;]u. 
Indeed, suppose there is m G N such that [Kv(fv) : Kv] < m for every polynomial 
/ of nonnegative value. Take any r — —, where g,h G K[x] and vr = 0. By the 
assumption on vK(x)/vK we have that nvh = vd for some natural number n < N 
and d G K. Then 

d- Y h n 
~ d- x h n - x g 
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and vd~ 1 h n ~ 1 g = vd h n = 0, since vh = vg. Therefore we may assume that 
vh = vg = 0. Hence, 

[Kv(rv) : Kv] < [Kv(rv,gv) : Kv] — [Kv(hv, gv) : Kv] < to 

for every r G if (x) with ot = 0, a contradiction to our assumption. 

As in the value- algebraic case, we set b\ = 1. Suppose that 6i, . . . , b k are already 
chosen with deg&i_i < degfe^ for 1 < i < k. By Corollary 12.81 there are at 
most NN k + 1 many ifv-linearly independent elements in K [x]NN k v, and as all 
of them are algebraic over Kv, it follows that the extension Kv (K[x]NN k v) \Kv is 
finite. By assumption, there is b k +\ G K[x] such that vbk+i = and the degree of 
bk+iv over Kv is at least (k + l)[Kv (K[x]NN k v) : Kv], which forces the elements 
1, bk+iv, (bk+iv) 2 , . . . , (bk+iv) k to be Kv (K[x]NN k v)-\ineai\y independent. Since 
b k+1 <£ K[x] NNk , we have that N k+1 = degb k+1 > NN k > N k . 

For the value-algebraic as well as for the residue-algebraic case we set 

Since in both cases (N k ) k £f$ is a strictly increasing sequence of natural numbers, ip 
has the required properties. As in the first part of the proof of the value-algebraic 
and the residue- algebraic case, one can show that the elements c k G K can be 
chosen in such a way that condition (Al) holds for a k :— c k b k and a k := va k . 
Since (N k ) k £f$ is strictly increasing, condition (A2) is trivially satisfied. Moreover, 
N k > k for every k £ N. Hence for any do, • • . , dk € Sk and u G Si , 

deg(d + dm + • • • + d k u k ) < N k + kNi < V {k, I) < N v{kJ) . 

Thus, d + d\u + • • • + d k u k e S v ( k jy This shows that (A3) holds. 

To verify (A4), we take any k, m £ N with m < k, and do, ... , d m £ S k . We 
wish to estimate the value of the element do + diflfe+i + • • • d m a k n +1 . We discuss 
first the value-algebraic case. Note that the values v(did k+1 ), < i < to, lie in 
distinct cosets modulo vK. Indeed, vdid k+1 = vdiC k+1 +ivb k+ i, where dtc k+1 G S k . 
Therefore, if 

vdid k+1 + vK = vdja 3 k+1 + vK 
for some < i < j < to, then also 

ivb k+1 + (vS k ) = jvb k+ i + {vS k ) , 

which by our choice of 6/c+i yields that i = j. Hence, from Lemma 12.71 it follows 
that 

v(d + dia k+ i H d m a k l +1 ) = mmvdia l k+1 < vd m + mva k+ i . 

i 

We obtain the same assertion also in the residue- algebraic case. If di = for all 
i, then it is trivially satisfied. If not, take io so that 

vdi c k a +1 = mmvdiC k+1 = minudia^. +1 . 

i i " 

We have that vdf Q = vc for some c G K. Setting d := c~ x c^^d^ 1 , we obtain that 

v(d + dia k+ i -\ d m a 7 k+1 ) = -vd + vt; 

with ^ := ddo + ddic k+ \b k+ i + ■ ■ ■ + ddmC™,^™^. Note that ddi G K[x]NN k for 
< i < TO, and that 

vddic\ +1 > vdd io c k ° +l = uc _1 d^ = 0. 
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In particular, v£ >0, and 

£i> = (dd )v + (ddic k+1 )vb k+1 v -\ h {dd m c n k+l )v(b k+1 v) m 

is a linear combination of 1, bk+iv, (b k +iv) 2 , . . . , (b k+ iv) m with coefficients from 
Kv {K[x\]si-N k v). Since at least one of them, the element ddi c k ° +1 v, is nonzero, 
also the linear combination is nontrivial by our choice of b k +\. Hence v£ = and 

v(d + dia k+ i H d m a k n +1 ) = —vd = vd lo c£ +1 < vd m + mva k+ i . 

Therefore, condition (A4) is satisfied in both cases. 

It suffices now to verify the assumptions of Corollary |3.2l Take any element - of 
i^oo = K(x), where g,h G S^ = K[x]. In both the value-algebraic and the residue- 
algebraic case we assumed that vK(x)/vK is a torsion group. Therefore, as in the 
residue-algebraic case above one can multiply h and g by a suitable polynomial to 
obtain that vg = G T. Hence the assumptions of the corollary are satisfied. 

Since the transcendence degree of the extension L\K(x) is finite, we can now 
deduce the assertion about about the transcendence degree as in the previous cases. 

In the value-algebraic case, we still have to deal with the case where there is a 
subgroup r C vL containing vK such that T/vK is an infinite torsion group and the 
order of each of its elements is prime to the characteristic exponent of Kv. We may 
assume that Lv\ Kv is algebraic since otherwise, the assertion of our theorem follows 
from the valuation-transcendental case. Since every maximal immediate extension 
of (L,v) contains a henselization of (L, v), we may assume that both {L,v) and 
(K, v) are henselian. We take V to be the relative separable-algebraic closure of 
K in L. Then by Lemma \2 .41 vL/vL' is a p-group, which yields that T C vL 1 . In 
view of the fundamental inequality, we find that L'\K must be an infinite extension. 
Now the assertion of our theorem follows from the separable-algebraic case. 

Finally, we have to deal with our additional assertion about the completion. 
Since the transcendence degree of L\K is finite, we know that vL/vK has finite 
rational rank. Therefore, vK is cofinal in vL or there exists some a G vL such that 
the sequence (ia)i S N is cofinal in vL. In the latter case (which always holds if vL 
contains an element 7 such that 7 > vK), we are in the value-transcendental case 
and we choose the element t such that vt — a. In the former case, provided that 
the cofinality of vL is countable, we choose the elements Cj such that the sequence 
(ucj6j)jgm is cofinal in vL. In all of these cases, the sequence (uaj)j g N will be cofinal 
in vL and the elements y.i will lie in the completion of (L, v). □ 

4. Extensions of maximal fields 

We start with the 
Proof of Theorem 11.21 

Take a maximal field (K,v) which satisfies (|T|), and denote by p the characteristic 
exponent of Kv. Further, take an infinite algebraic extension (L\K,v). Denote the 
relative separable-algebraic closure of K in L by L'. Assume that L'\K is infinite. 
Since K is henselian, the separable-algebraic case of Theorem 11.11 shows that any 
maximal immediate extension of (L,v) has infinite transcendence degree over L. 

Assume now that L'\K is a finite extension. Then the field (L',v) is maximal, 
(vL 1 : pvL')[L'v : L'v p ] = (vK : pvK)[Kv : Kv p ] < 00, and L\L' is an infinite 
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purely inseparable extension. Therefore at least one of the extensions vL\vL' or 
Lv\L'v is infinite. Indeed, suppose that (vL : vL') and [Lv : L'v] were finite. Take 
any finite subextension E\L' of L\L' such that [E : L'] > (vL : vL')[Lv : L'v]. Then 

[E : L'] > (vL : vL')[Lv : L'v] > (vE : vL')[Ev : L'v] , 

which contradicts the fact that V as a maximal field is defectless by Theorem 12. 1 1 
If vL/vL' contains elements of arbitrarily high order or Lv contains elements of 
arbitrarily high degree over L'v, then from the value-algebraic or residue- algebraic 
case of Theorem 11.11 we deduce that any maximal immediate extension of L is 
of infinite transcendence degree over L. Otherwise, vL/vL' is a p-group of finite 
exponent, Lv\L'v is a purely inseparable extension with (Lv) p C L'v for some 
natural number n, and vL/vL' or Lv\L'v is infinite. But this is not possible if 
[L'v : L'vP](vL' : pvL') < oo. □ 



For the proof of Theorem 1 1.41 we will need the following result: 

Lemma 4.1. // (K,v) is a maximal field of characteristic p > 0, then also K l ' p 
with the unique extension of the valuation v is a maximal field. 

Proof. If (a v ) is a pseudo Cauchy sequence in L, then (a p ) is a pseudo Cauchy 
sequence in K. Since (K,v) is maximal, it has a pseudo limit b G K. But then, 
a = b 1 / p el is a pseudo limit of (a u ). □ 

After this preparation, we can give the 
Proof of Theorem 11.41 
Part a) follows immediately from Lemma [4.11 

To prove assertions b) and c) we consider the following subsets of K . We take 
A to be a set of elements of K such that the cosets -va + vK, ngA, form a basis 
of the Z/pZ-vector space -vK/vK. Similarly, we take B to be a set of elements of 

the valuation ring of (K, v) such that the residues (bv) 1 ^, b G B, form a basis of 
(Kv) 1/p \Kv. Then 

-vK = vK + Y^ -vol and (Kv) 1/p = Kv((bv) 1/p \ b G B) . 

In order to prove assertion b) of our theorem, we set 

^ := K(a 1/p ,b^ p | a G A, b £ B) C K l ' p 

and obtain that vL^o = -vK and L^v — (Kv) 1 ^. So the extension (if 1 / p |L tx) , v) 

is immediate. Lemma 14.11 shows that (ii' 1 ' p ,i>) is a maximal immediate extension 
of (Loo,!;). Our goal is now to show that under the assumptions of the theorem, 
this extension is of degree at least k. Once this is proved, we can take X C K x / p to 
be a minimal set of generators of the extension K-^^lL^. Then the elements of X 
are p- independent over L^. Take any natural number n. As X is infinite, we can 
choose xi,. . . ,x n G X and set L„ :— L oc (A' \ {xi, . . . ,x„}). Then K x / p \L n is an 
immediate extension of degree p n . Similarly, for A any infinite cardinal < k, take 
yclof cardinality A and set L\ := Loo(A \ Y). Then K^-^^Lx is an immediate 
algebraic extension of degree A. 
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We assume first that K = (vK : pvK), so the set A is infinite. Then we take a 
partition of A into n many countably infinite sets A T , r < k. We choose enumera- 
tions 

A T = {a T ,i | i e N} . 

For every /i<swe set A^ := U T <u A T and 

K„ := K{a>' p \a&A ll ). 
Note that Aq = and Aq = If. We claim that 

(22) uif M = vK + ^2 - valj and ^ u = Kv ■ 

The inclusions "D" are clear. For the converses, we observe that value group 
and residue field of K^ are the unions of the value groups and residue fields of 
all finite subextensions of K^K. Such subextensions can be written in the form 
F = K(a±, . . . , afe) with distinct oi, . . . , ak 6 A^ , and we have that 

p k > [F : K] > (vF : vK)[Fv : Kv] > p k ■ 1 , 

so equality holds everywhere. Consequently, vF = vK + 5Zj=i va-i^ arL d i^w = Kv. 
This proves our claim. 

For every r < /c we choose a sequence (c T] j)i £ N of elements in K such that the 
sequence of values 

(23) (uc T>i o^f)ieN 

is strictly increasing. If the cofinality of wi^ is countable, then the elements c T ^ can 
be chosen in such a way that the sequence (|23p is cofinal in -vK . For every neN, 
we set 

n 

(24) &,„ := Y, c rA'j e R r+i- 

Then (^ T ,n)nGN is a pseudo Cauchy sequence, hence it admits a pseudo limit £ T 
in the maximal field (K 1 ^ \v). In order to show that the degree of K^-^lL^ is 
at least K, we prove by induction that for every [i < k and each K' such that 
K^+i C K' C Lqo, the pseudo Cauchy sequence (£^, n )neN admits no pseudo limit 
in K'(£ T \t < fi) and the extension 

(25) {K'{H t \t<h)\K',v) 

is immediate. 

Take fi < k and assume that our assertions have already been shown for all 
// < /i. If fi = fi' + 1 is a successor ordinal, then from (f2"5"|) we readily get that the 
extension 

(26) {K'{£ t \t<h)\K',v) 

is immediate for every K' such that K^ C A'' C L^ . If /x is a limit ordinal, then 
(f2"6"| follows from the induction hypothesis since -K^/ C K^ C A"' for each n' < n and 
since the union over the increasing chain of immediate extensions K'(£ T \ t < //), 
/i' < n, of (K',v) is again an immediate extension of (K',v). 
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In order to prove the induction step, suppose towards a contradiction that 
(£i\n)neN admits a pseudo limit rj^ in K'(£ T | t < fi) for some K' such that 
K^+i C K' C ioo. Then r/^ lies already in a finite extension 

(27) £ := K^ r | r < M )(a^, . . . , a£ /p , 6^, . . . , b] /p ) 

of -K^ (£ T | r < /i) in Lqo (£r I T < M) > with distinct elements ai , . . . , au G A \ ,4^ 
and 61, . . . , hi € S. We claim that 



(28) w£ = vKp + ^-vajl and £w = K ll v{{b l v) l/p , . . . , {hvf/ p ) 



As the extension (J2HJ) is immediate for K^ in place of K', the inclusions "3" are 
clear. Conversely, from these inclusions together with the equations in (|22[) and our 
assumption on the a, , it follows that (vE : vK) > p k as well as [Ev : ifv] > p . 
Therefore, we have that p k -p l > [E : K] > (vE : vK)[Ev : Kv] > p k -p e , so equality 
holds everywhere. Consequently, (vE : vK) — p k and [Ev : Kv] = p £ , which proves 
that the inclusions are equalities. 

Now we take n to be the minimum of all i € N such that a Mj i is not among the 
01, . . . , afc . We set £e := if n = 1, and £g '■— £n,n-i otherwise. Then 77^ — £e £ E. 
In contrast, the fact that rj^ is a pseudo limit, together with the first equation of 
(1281) . yields that 

1 fe 1 

^(?7/x ^ £e) = w(^u, n ~ £e) = «c M! „ + -wa M! „ ^ wLTp + V -uaiZ = vE . 

p Z-^l p 

This contradiction proves that (C A1 , n )neN admits no pseudo limit in K' (£ T | r < /j). 
Thus in particular, £ p ^ K'(£ T \ t < fj,). Since i^+i C if', (^, n ) n eN is a pseudo 
Cauchy sequence in (K'(£ T | r < (J,),v). As [if'(^ T I T < mXCm) : K'itr T < m)] = P 
is a prime, Lemma T2 . 121 shows that the extension (K'(£ T \ t < (j,)\K'(£ T | r < /i), w) 
is immediate. As also the extension (|26|) is immediate, we find that the extension 
(K'(t; T I r < ju)|if' , u) is immediate. This completes our induction step. Because 
every extension Loo(£r | t < /Li)|I/oo(^ T | r < /1) is nontrivial, it follows that the 
degree of K 1 / p \L oa is at least «. 

A simple modification of the above arguments allows us to show the assertion 
of part b) of the theorem in the case of k = [Kv : (Kv) p ] , in which the set B is 
infinite. Let us describe these modifications. 

We take a partition of B into K many countably infinite sets B T , r < k, and 
choose enumerations 

B T = {b T ,i I t € N} . 

For every /1 < k we set B^ := U t <m B t an d 

tf M := tf (fr 1 ^ \beB^). 

Similarly as before, it is shown that 

(29) vK,, = vK and ii> = Kv((bv) 1/p ) b e B M ) . 

We choose a sequence (ci)ieN of elements in K with strictly increasing values. 
Again, if the cofinality of vK is countable, then the elements Ci can be chosen in 
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such a way that the sequence of their values is cofinal in vK . For every r < k and 
n E N, we set 

n 

(30) £r,n := X> 6 # G JKV-hx - 

1=1 

Now the only further part of the proof that needs to be modified is the one that 
shows that i]^ £ E, where rj^ is a pseudo limit of (^,n)nGN, leads to a contradiction. 
In the present case, we take n to be the minimum of all a G N such that bni is not 
among the bi, . . . ,bg . As before, we set £# := if n = 1, and £g := £«„_! 
otherwise. Then ry p — £^ G £*. In contrast, the fact that 7y M is a pseudo limit, 
together with the second equation of (j2"8)l . yields that 



g tf /i t;((M 1/, '.-.-,(fc») 1/p ) = ^u, 



a contradiction. This completes our modification and thereby the proof that the 
extension {K 1 / p \L OD ,v) is of degree at least k. 

We now turn to part c) of the theorem. Again, we consider separately the cases 
of k = (vK : pvK) and of k = [Kv : (Kv) p ] . 

We assume first that K = (vK : pvK) and take a partition of A as in the proof 
of part b). Further, we set s(l) = and s(m) = 1 + 2 + • • • + (m — 1) for m > 1. 
For every r < fx and every m G N, we set 

m 

z T,m '■— 2_^i "" r ^{ m )+ ia T,s{m)+i ^ -"- ' 

i=\ 

where d T j are elements from K such that for every m 6 N, 

1) the sequence (vd TS ^ m)+i a p T ^ m)+i )i<i< m is strictly increasing, 

2 ) V ^T,s(m)+m a T,s(rn)+rn < V ^r,s{m+l) + l a T,s(m+l) + l • 

If the cofinality of vK is countable, then the elements d Tj i can be chosen in such a 
way that the sequence that results from the above is cofinal in vK. 
We note that z p m G K with 

(31) [K{z T , m ) : K] = p m and -va TtS /m)+i, ■■■, -va Ts{m)+m G vK(z T , m ) . 

We set 

L^ := K(z T}m | r < /i, 77i G N) for [i < k , and L := L K . 
Further, we fix a maximal immediate extension (M, v) of (L, v). We claim that 

(32) vL^ = vK + 2, ~ va an d L^v = Kv . 

In particular, this shows that 

(33) vL — —vK and Lv = Kv . 

V 
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To prove our claim, we observe that the first inclusion "D" in (132|l follows from 
(f3~l~T) . We choose any fi < k, k € N, n, . . . , Tfe < /z and mi, ... , mfc € N such that 
the pairs (ri,m,i), 1 <i < k, are distinct. Then we compute, using (1311) : 



p ml • . 


. . • p mk 


> 


[K (Z Timi , . . . , Z Tknlk ) . K\ 






> 


(vK(z Tl , mi ,---,Zr h ,m k ) ■ vK)[K(z Tl , mi ,...,Zr k ,m k )v : 






> 


(vK(z Tl , mi ,---,z Th , mk ) :vK) 






> 


k ™j .. 



showing that equality holds everywhere. Therefore, 

k 



1 1 

vK(z Tumi ,...,z Tk>mh ) = vK + 2_,2Z-va rj ^ mi ) +i 1 Q vK + ^ ~ va 

j=l i=l P a£A^ P 

and 

-"■ (.^Ti,mi ; ■ • ■ 5 Z TklrLk JV J\ V . 

Since the value group and residue field of L M are the unions of the value groups and 
residue fields of all subfields of the above form, this proves our claim. 
For every r < k and n € N, we set 



ST,n • / Z Tnl t 1^. 



m— 1 

Then (Cr,n)neN is a pseudo Cauchy sequence in (L, i>), hence it admits a pseudo limit 
£ r in the maximal field (M, i>) . In order to show that the transcendence degree of 
M\L is at least k, we prove by induction that for every fi < k and every field L' such 
that L^ + i C L' C L, the pseudo Cauchy sequence (C^.n)neN is of transcendental 
type over L'(C, T \ r < fS), so that the extension (L'(( T \ t < fi)\L'(( T | r < £i),v) i s 
immediate and transcendental and then also the extension 

(34) {L'(Ct\t<h)\L',v) 

is immediate. 

Take fi < k and assume that our assertions have already been shown for all 
fj,' < fj,. If fi = fi' + 1 is a successor ordinal, then from (|3"4"|) we readily get that the 
extension 

(35) (L'(( t \t<h)\L',v) 

is immediate for every L' such that L M C L' C L. If fj, is a limit ordinal, then (|35[) 
follows from the induction hypothesis since L^ C L^ C L' for each fi' < fi and 
since the union over an increasing chain of immediate extensions of (L', i>) is again 
an immediate extension of (L', v). 

In order to prove the induction step, take any L' such that L M +i C L' C i. 
Suppose towards a contradiction that the pseudo Cauchy sequence (C^,n)«eN in 
L M+ i is of algebraic type over {L'(( T | r < fi),v) (which includes the case where 
it has a pseudo limit in L'(( T \ t < fi)). Then by Theorem 12.101 there exists an 
immediate algebraic extension (L'(Cr | t < m)(^)I^'(Ct I T < m)j v ) with d a pseudo 
limit of the sequence. The element d is also algebraic over L^(( T \ t < [/,). On 
the other hand, we will now show that from the fact that d is a pseudo limit of 
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(Cn,n)n<EN it follows that the value group uL M (Cr | t < fJ<)(d) is an infinite extension 
of vL^(Q T | t < fi). Take n £ N and define 

n-l 

77 — r p " _1 - rf p " _1 o 1/p - r p " _1 + V^ d pn ~ x rj p " -1 " 1 (= k 

Since d is a pseudo limit of the pseudo Cauchy sequence (Cn,n)n&§, we deduce that 

(36) v(d-Ci,n) = tw M .n+i = vd M,s( n +i)+ia^r (n+ i )+ i > ^,«W+»a', s ( n ) +tl ' 
Therefore, 

\ it 1 -' 1 J \ "5/x,n ' fi,s{n)-\-n fi,s(n)-\-nJ 

= P U ~ ly ( d - Cm," + ^««+/ fts (n)+n) 

= p"- 1 min jt;(d - C M ,n) , V (^^(«)+« a L(„)+„) } 

= p B-1 V (^, S (»)+n a M»)+J 



which shows that 



Tl 1 7 

= P W,u,s(n)+n + -««^,s(n)+n > 



-M ft »{n)+ n e u£ M (Cp 1 1" < r)(d) 



for all n e N. In view of (|32p , these values are not in vL^ . Since the extension (1331) is 
immediate for L^ in place of L', they are also not in vL^(C, T | r < /i). It follows that 
the index (tjL m (£ t | r < fi)(d) : vL^Qt | r < /x)) is infinite. This contradicts the 
fact that the extension L^(Q T \ r < /i)(d)\L ti (( T | r < /i) is finite. This contradiction 
proves that the pseudo Cauchy sequence (C^,n.)ngN is of transcendental type over 
Z/(Ct I t < /i). From Theorem EH it follows that {L'(C, T | r < /x)|£'(Cr I r < n),v) 
is an immediate transcendental extension. Since the extension (|35jl is immediate, 
we obtain that also (L'(( T | r < fj,)\L',v) is immediate. 

This completes our induction step. By induction on /i we have therefore shown 
that {L{C, T | t < fi), v) is an immediate extension of (L,v) for each /j < k, which 
yields that also the union (L(£ T | r < «;),«) of these fields is an immediate extension 
of (L,v). As every extension L(( T | r < /i)|L(£ T \ t < fj) is transcendental, the 
transcendence degree of L(( T \ r < k) over L is at least k. 

A simple modification of the above arguments allows us to show the assertion of 
part c) of the theorem in the case of k = [Kv : (Kv) p ] . We take the partition of B 
as in the proof of part b). We now list the modifications. 

Since the vb — for all b £ B, the only requirement for the elements d T ^ that 
we need is that vd T> i < vd T ,j for i < j. If the cofinality of vK is countable, then 
the elements d T j can be chosen in such a way that the sequence of their values is 
cofinal in vK. We set 



J2 d ^(m) + iKAm) + i^^ /P " 



j=l 



Equation (|3"Tj) is replaced by 

(37) [K(z T , m ) :K]=p m and (b TMm)+1 v) 1/p , ..., (K Mm)+m v) 1/p £ K(z T , m )v . 
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One proves in a similar way as before that 

(38) vLf, = vK and L^v = Kv((bv) 1/p \ b G S M ) . 
In particular, this shows that 

(39) wL = vK and Lw = (Kv) 1/p . 

Now the only further part of the proof that needs to be modified is the one that 
shows that the extension £ m (Ct I T < /J.) (d) | ^^(Ct- I t < m) cannot be finite. We 
define rjp, tn as before, with "6" in place of "a" . Also (|3"o| holds with "6" in place of 
"a" , whence 



This leads to 



vd~ p " * (V" ' -C?f„ lN ) = V n ~ l vd~ l , ,, (d-Cun) > 0. 



dr 



p " 1 (d pn 1 - n \v - d~ p " 1 (d p " X - C pn '+ d p " * b 1/p 

= fd - '?"^. (cf" _1 - cf: 1 ) + b 1/P , . ") V 

= (&ixn)+r> = (^^(«)+««) 1/P , 



(^, s (n)+n") 1/p G MCr I r < /i)(d)v 



which shows that 

for all n G N. In view of (I3"51) . these residues are not in L^w. As before, this 
is shown to contradict d being algebraic over L^r \ t < fi). This completes our 
modification and thereby the proof that (M\L, v) is of transcendence degree at least 
k. D 

We now come to the proof of 
Proof of Theorem 11.51 

Note that a field (K, v) which satisfies the assumptions of Theorem. il. 51 also satisfies 
the assumptions of Theorem 11.41 We choose the sets A, B C K x / p and define 
L := Loo as in the proof of part b) of Theorem 1 1.41 Then, as we have already seen, 
(K l ' p , v) is a maximal immediate extension of (L, v). 

To show the existence of an immediate extension of L of infinite transcendence 
degree over L, we consider separately the cases i) and ii) of the theorem. We assume 
first that the conditions of case i) hold. Then the set A can be chosen so as to contain 
an infinite countable subset A' such that the set of values S = {va | a G A'} is 
bounded. It must contain a bounded infinite strictly increasing or a bounded infinite 
strictly decreasing sequence. If it does not contain the former, we replace A' by 
{a -1 | a G A'}, thereby passing from S to —S. Note that in our proof we will not 
need that A' C A; we will only use that A' C L. Now we can choose a sequence 
(cij)jeN of elements in A' such that the sequence (vclj)j£n is strictly increasing and 
bounded by some 7 £ vK. We partition the sequence (fflj)j'eN hito countably many 
subsequences 

(a N>i )ie® (N G N) . 
As in the proof of Theorem [H we define K N := K(a n , t | n < N , i 6 N) C if 1 /?. 

For every iV eNwe consider the pseudo Cauchy sequence (^Ar, m ) m eN defined by 

m 
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and the pseudo limits ^n of the sequences in the maximal immediate extension 
(K 1 ' p , v) of (L, v). We show that for every N the pseudo limit £at does not lie in 
the completion L c of (L, v). Fix N G N and take any del. Then d lies already in 
some finite extension 

E:=K(a 1 l /p ,...,a 1 k /p ,b 1 l /p ,...,b 1 l /P ) 

of K in L. Choosing £g as in the proof of Theorem II .41 we obtain that £e — d E E. 
But from equalities (l28t with ju = it follows that v(£,n — £e) = vajsr,n $ vE. 
Thus, 

v{£ N - d) = mia{v(^ N - £e),v(£ e -d)} <- va Ni „ < - 7 . 

P P 

Hence the values v(£at — d), d G L, are bounded by -7 and consequently, £jv ^ L c . 

Again from the proof of Theorem II .41 it follows that for every field K' such that 

K\ C K' C L the extension (if(£i)|if ,v) is immediate and purely inseparable 

of degree p. Since £1 $• i c , from Proposition 12.131 we deduce that for an element 

di E K x satisfying inequality (JS) with ?7 = £1, a root i?i of the polynomial 

h : = X> - X - (jj- 

generates an immediate Galois extension (X(x?i)|L, w) of degree p with a unique 
extension of the valuation w from L to L($i). Take any field K' such that K\ C 
K' C L. Then £1 ^ if c and the element di satisfies inequality ([8]) with every 
element c 6 if'. Therefore also (K' ($i)|if , w) is an immediate extension of degree 
p with a unique extension of v from if to if ("#1). 

Take any to > 1. Suppose that we have shown that for every I < to there is 
di G K x such that a root ■di of the polynomial 

/, := X* - X - (| 

generates, for any field K' with if +1 C K' C L, an immediate Galois exten- 
sion (if ($1, . . . , $z)|if ($1, . . . ,di-i),v) of degree p with a unique extension of 
the valuation v from if ($1, . . . , #j_i) to if ($1, . . . , 1?/). Then in particular, the 
extension (ifn+i($i, . . .,'& m -i)\K m +i,v) is immediate. Take any field K' such 
that if n +i C K' C L. Replacing in the argumentation of the proof of part b) 
of Theorem O the field K'fo \ I < m) by Jf(0j | I < m), we deduce that 
(if ($1, . . . , ^m-i)(Cm)|if '(i?i, ■ • ■ , $m-i), v) is an immediate purely inseparable ex- 
tension of degree p. Since £ m ^ L c and L{d\, . . . , $ m -i) c = L c (§i, . . . , # m _i) is 
a separable extension of L, linearly disjoint from the purely inseparable extension 
L c (^ m )\L c , we obtain that 

[L C (<?l,...,1?m-l)($m):i C (<?l,...,1?m-l)] = P- 

Therefore, £ m does not lie in L(i?i, . . . , #m-i) c - Thus, from Proposition 12.131 it 
follows that for an element d m G K x satisfying inequality ((5J) with 77 = £ m , a root 
i? m of the polynomial / m := AT P — X — (£, m /d m ) p generates an immediate Galois 
extension (X(i?i, . . . , i? m )|I ( ('!?i, . . . , # m _i), v) of degree p with a unique extension of 
the valuation i; from I/(i?i, . . . , i? TO -i) to L(i?i, . . . , #m)- As in the case of m = 1 we 
deduce that also the extension (if ($1, . . . , $ m )|if ($1, . . . , i? m -i), «) is immediate 
and the valuation v of if (#1, . . . , i? m _i) extends uniquely to if ($1, . . . , i? m )- 
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By induction, we obtain an infinite immediate separable- algebraic extension F := 
L^m | m £ N) of L with the unique extension of the valuation v of L to F. Thus, 
the extension F\L is linearly disjoint from L h \L. From the separable algebraic case 
of Theorem II. II it follows that each maximal immediate extension (M,v) of (F,v) 
has infinite transcendence degree over F. Since (F\L, v) is immediate, M is also a 
maximal immediate extension of L. 

Similar arguments allow us to prove the assertion in the case of an infinite residue 
field extension Kv\(Kv) p when the value group vK is not discrete. Let us describe 
the modifications. 

Take an infinite countable subset B' of B and an infinite partition of B into 
infinite sets 

B N = {b N ,i \i£N} (N £ N) . 

Since vK is not discrete, we can choose elements c; £ K such that the sequence 
(i>Cj)jgN of their values is strictly increasing and bounded by some element 7 £ vK. 
For every N we consider the pseudo Cauchy sequence (£jv, m )meN defined by ([30]) . 
The only further part of the proof that needs to be modified is the one that 
shows that £n ^ L c . More precisely, we need to show that for any element d 6 E 
we have that v(£,n — d) < 7. Take £e as in the second case of the proof of part b) of 
Theorem 1 1.41 From the equalities (|2"5)) with jjl — we deduce that c~ 1 (£n —£,e)v = 
(bN,nv) 1 / p $. Ev. Suppose that v(£,n - d) > «(£„ - £e). Then 

vic-'i^-^-c-'^E-d)) > vtffa-ts) = 0. 

It follows that c^ (£iV — £,e)v = c„(£e — d)v £ Ev, a contradiction. Consequently, 

v(£n - d) < v(£ N - £ E ) = VCn < 7 . 

This completes our modification and thereby the proof that (L, v) admits a maximal 
immediate extension of infinite transcendence degree over L. □ 



Finally, we give the 

Proof of Theorem 11.61 

Take an extension (L\K, v) as in the assumptions of the theorem. In view of the 
value-algebraic and residue- algebraic cases of Theorem ll.il it suffices to show that 
at least one of the extensions vL\vK or Lv\Kv is infinite. 

Take K' to be the relative algebraic closure of K in L h . By the assumptions on 
the residue field and value group extensions of (L\K,v), it follows from Lemma HT41 
that vK' = vL h = vL and K'v = L h v = Lv. Therefore, (L h \K' , v) is an immediate 
transcendental extension. 

Suppose that the value group extension and the residue field extension of (L\K, v) 
and hence of (K'\K,v) were finite. But since K is henselian and a defectless field 
by Theorem 12. II the degree \K' : K] is equal to (vK' : vK)[K'v : Kv] and hence 
would be finite, so (K',v) would again be a maximal field, which contradicts the 
fact that (L h \K',v) is a nontrivial immediate extension. □ 
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